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We study finite temperature correlation functions and quasinormal modes in a strongly coupled
conformal field theory holographically dual to a small black hole in global Anti-de Sitter spacetime.
Upon variation of the black hole radius, our results smoothly interpolate between known limits
corresponding to large black holes and thermal AdS space. This implies that the quantities are
continuous functions of energy density in the microcanonical ensemble, thus smoothly connecting
the deconfined and confined phases that are separated by a first order phase transition in the
canonical description.
I. INTRODUCTION
When formulated in global Anti-de Sitter space instead
of the Poincare´ patch thereof, the AdS/CFT correspon-
dence relates type IIB string theory living in AdSd+1
spacetime to a supersymmetric conformal field theory
(N = 4 Super Yang-Mills (SYM) theory for d = 4) liv-
ing in a d − 1-dimensional sphere [1]. This version of
the duality has been actively studied in the past, not
least because of the interesting properties of field theo-
ries defined in compact spacetimes (see e.g. [2] and ref-
erences therein). Analogously to the Poincare´ patch, the
black hole (BH) background in global AdS is dual to
the field theory in thermal equilibrium. This time, the
BH however turns out to be thermodynamically unstable
in the canonical ensemble, if its radius is small enough,
i.e. rh < rmin ≡
√
d−2
d L, where L is the curvature radius
of the space and we have assumed d ≥ 3. The space sur-
rounding the small BHs is approximately flat, and as the
specific heat of the BH is negative, it evaporates away; as
a result, the gravity solution becomes thermal (or pure)
AdS with no BH in the bulk [3–5]. On the contrary,
large BHs with rh ≥ rmin are always thermodynamically
stable, as are small black holes in the microcanonical en-
semble (cf. a detailed discussion of this issue in [6]).
From the field theory point of view, it is interesting
to study boundary observables in the black hole space-
time. For large black holes in global AdS space, there
is indeed ample literature covering e.g. the quasinormal
mode (QNM) spectra of a variety of field theory opera-
tors; see e.g. [7] and references therein. Generically, the
eigenfrequencies ω of the QNMs are complex, with the
real parts corresponding to the energies and the imagi-
nary parts to the damping rates of the modes. The modes
are typically sorted according to the magnitudes of Imω
and labeled by integers (overtones) n. Other than for ex-
treme cases, such as n = 0 and n→∞, exact results are
hard to obtain, and one often needs to resort to numer-
ical methods. Nevertheless, several different analytical
schemes have been developed that approximate numer-
ical results for large BHs very accurately [7]. Although
small AdS BHs have received much less focus than their
large counterparts, the so-called resonance method [8]
has been shown to reproduce their QNM spectra to a
good accuracy (see also [9] for numerical results).
While a lot of attention has been focused on the QNMs,
the functional form of the corresponding two-point func-
tions is a much less studied topic, and we are in fact
unaware of any existing results for the small BH back-
ground. This is somewhat surprising in light of the fact
that unlike in the case of thermal AdS space, studied
in [10], the highly convenient Son-Starinets prescription
[11] is available as soon as the spacetime includes an event
horizon, so that the correlators should be rather straight-
forwardly available for both small and large BH back-
grounds. For small BHs, this observation is most likely
linked with the small number of studies of the nature
and applications of their field theory duals that would go
beyond establishing that in the microcanonical ensemble
they describe the field theory system for a range of en-
ergy densities. For two prominent exceptions to this, see
however refs. [12, 13].
In the paper at hand, our goal is to fill in a gap in the
literature related to small BHs in global AdS spacetime
by studying selected dual field theory Green’s functions
in this gravitational background. We find the topic im-
portant and worth studying for several reasons. First, in
the canonical ensemble the dual field theory is known to
have a first order deconfinement phase transition at some
critical temperature Tc, where several physical quantities
exhibit discontinuous behavior. It should be very inter-
esting to investigate what happens to the same observ-
ables in the microcanonical ensemble, where the small
BH is stable and one can continuously decrease the en-
ergy density below the critical one while still residing
in the BH phase. Secondly, studies of equilibration in
strongly coupled field theories often reduce to solving dy-
namical problems in global AdS spacetime that typically
involve gravitationally collapsing objects, such as thin
shells [14] or pressureless dust [10, 15] (for reviews, see
e.g. [16, 17]). In these calculations complications often
arise from the initial geometry not involving an event
horizon, which is typically remedied by introducing a
small black hole as a regulator [18, 19]. The question of
what the quantitative — or even qualitative — impact of
changing the background geometry in such a way is has
received minimal attention in the literature. Finally, a
closely related theme is also the investigation of whether
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2small perturbations of thermal AdS spacetime can lead
to black hole formation [20–22]. We hope that our work
will shed some light on all of these issues, as well as find
practical applications in future work on related subjects.
Our paper is organized at follows. First, we introduce
the framework needed to study two-point functions of a
field theory operator dual to a bulk scalar field in the
background of a small black hole in global AdS. Then,
we proceed to display and analyze our results for the cor-
responding QNM spectrum and spectral function, vary-
ing both the radius of the black hole and the mass of
the bulk scalar. Here, our main goal will be to demon-
strate that in the limit of rh → 0, our results — derived
with the Son-Starinets prescription — reduce to those
of thermal AdS space, obtainable from the earlier work
of ref. [10] (cf. similar observations in the context of D-
branes [23, 24]). After this, we spend some time dwelling
on the interpretation of our results on the field theory
side, recalling what is known about the phase structure
of strongly coupled large-Nc N = 4 SYM in S3. Finally,
we conclude with a brief summary of the findings and
their implications for studies of gravitational collapse in
global AdS space.
II. SETUP
As we work in global AdS spacetime containing a black
hole, our metric has the usual AdS-Schwarzschild form
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2d−1, (1)
in which the constant-r spatial sections are d−1-spheres.
The function f(r) appearing here reads
f(r) = 1− C
rd−2
+
r2
L2
, (2)
where C is a constant proportional to the BH mass. It is
related to the horizon radius rh by
C = rd−2h
(
1 +
r2h
L2
)
, (3)
which also sets the Hawking temperature of the black
hole via
T =
d− 2 + d(rh/L)2
4pirh
. (4)
In the rest of this paper, we will set the curvature radius
of the space to unity, L = 1.
The AdS-Schwarzschild black hole is known to be ther-
modynamically stable as long as rh ≥ rmin =
√
d−2
d (re-
call, though, that for rh < 1 the thermodynamically pre-
ferred phase in the canonical ensemble is thermal AdS).
For smaller values of the horizon radius, rh < rmin, the
small BH has a negative specific heat and will thus be
unstable. Its lifetime is, however, very large compared
to its energy, which means that we can approximately
treat the small BH as stationary and furthermore assign
a temperature to characterize it. Interestingly, it is even
possible to identify the dual field theory states, which
correspond to configurations far from equilibrium [12].
For these reasons and with the purposes of our paper in
mind, we will from this point onwards not be concerned
with the instability, although it would constitute a rather
interesting exercise of its own to check if the lowest quasi-
normal mode of a gauge field is tachyonic, as predicted
by the Gubser-Mitra conjecture [25, 26].
Consider now a massive scalar field in the above space-
time, and assume it to be homogeneous in the direc-
tions along the d − 1 -sphere. The equation of motion,
(−m2)φ(t, r) = 0, then simplifies in Fourier space to
1
rd−1
∂r
(
rd−1
∂rφ
f(r)
)
− (m2 + ω2f(r))φ = 0, (5)
which serves as the starting point of our exercise, aimed
at finding the spectral function and QNMs corresponding
to the boundary CFT operator dual to this field. In this
process, we use the Son-Starinets prescription [11], which
amounts to imposing ingoing boundary conditions for the
field at the horizon,
φ(ω, u→ 1) ∼ (1− u)−iξ, ξ ≡ rhω
d− 2 + dr2h
, (6)
where we have changed the radial coordinate to u ≡ rh/r.
We may then read off the retarded correlator from the
near boundary expansion of the field,
φ(ω, u→ 0) ∼A(ω)u∆−(1 +O(u2))
+ B(ω)u∆+(1 +O(u2)), (7)
where ∆± = d2 ±
√(
d
2
)2
+m2 ≡ d2 ± ν are the conformal
weights of the operator. According to the prescription,
the retarded correlator GR is proportional to the ratio of
the coefficients A and B
GR(k = 0, ω) ∼ −B(ω)A(ω) , (8)
while the spectral function χ is nothing but the imaginary
part of this quantity
χ(ω) = −2 ImGR(0, ω). (9)
The quasinormal modes are finally solved (usually nu-
merically) from Eq. (5): They correspond to those val-
ues of ω, which simultaneously satisfy the ingoing wave
boundary condition of Eq. (6) and the Dirichlet bound-
ary condition at the boundary, φ(ω, u→ 0) = 0.
To aid an eventual comparison of our results with
known limits, let us finally recall, how one can obtain
the above spectral function in thermal AdS phase us-
ing the results of [10]. There it is shown that the (re-
tarded) boundary correlator of interest can be given in
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FIG. 1: The flow of the first four QNMs, as rh is low-
ered towards zero. The different colors stand for the differ-
ent QNMs, while the different shapes correspond to rh =
0.0001, 0.1, 0.2, 0.4, 0.6, 0.8, 1 (top to bottom). The mass of
the field is set to unity here.
terms of the normal modes of the scalar field in the form
of Eq. (3.34) of this reference. Fourier transforming the
equation to momentum space and taking the imaginary
part of the result in the limit of vanishing wave vector
readily leads to the result
χ(ω) ∼
∞∑
n=0
κ2n0
ωn0
δ(ω − ωn0), (10)
where the quantities ωn0 and κn0 read [27]
ωn0 = 2n+ ∆+, (11)
κ2n0 =
2ωn0Γ(n+ ∆+)Γ(n+ ν + 1)
Γ(n+ 1)Γ(n+ d/2)Γ(ν + 1)2
. (12)
For the case d = 4 and m = 0, studied numerically in the
next section (see also [28]), these results simplify to
ωn0 = 2(n+ 2), (13)
κ2n0
ωn0
=
1
2
(n+ 1)(n+ 2)2(n+ 3). (14)
It is worth stressing that to leading order in the large-Nc
limit, these results hold in the entire thermal AdS phase,
irrespective of the value of the temperature.
III. RESULTS
Having introduced our setup, we now proceed to in-
spect the results of the numerical determination of the
QNMs and spectral functions, with the purpose of com-
paring them with the analytic low-temperature limit
quoted above. To this end, recall that in addition to
the spacetime dimensionality d of the dual field theory,
there are only two parameters in our setup, the mass m of
the scalar field and the horizon radius rh, both of which
we express in units of the AdS radius L. To the extent
we have been able to check, there are no indications of
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FIG. 2: The real part of the n = 0 QNM frequency for d =
3, 4, 5 (bottom to top). The dots correspond to our numerical
results obtained for a discrete set of masses and rh = 0.0001,
while the continuous curves are given by Eq. (11).
any qualitative differences between different dimensions,
so we will in the following only show results for d = 4,
unless otherwise stated. Our main focus will be in the
transition towards the limit rh → 0, where we will com-
pare our results to eqs. (10)–(12).
To begin, we first illustrate in Fig. 1 that the QNMs
(or at least the first few overtones n) smoothly transi-
tion into normal modes when rh is lowered towards zero.
We have explicitly checked that the imaginary parts of
the modes vanish as rd−2h for all values of the mass m,
thus generalizing the m = 0 results of [9]. As to the real
part, we find non-monotonous behavior as a function of
rh for all m and n, again in accordance with the findings
of [9]. Starting from largish values of rh, the real part
always first decreases with decreasing rh, then reaches a
minimum value, and finally begins to increase, asymp-
totically matching Eq. (11). We have displayed the mass
dependence of Eq. (11) against our numerical results in
Fig. 2, finding perfect agreement.
At finite values of rh, the QNM spectra of the system
are expected to be continuous in the sense that in appro-
priate channels there exists a hydrodynamical pole on
the imaginary axis that tends to zero like k2 in the limit
of vanishing wavevector k. Exactly at rh = 0, there is
on the other hand no BH in the bulk, and the spectrum
should thus be discrete. These facts are in accordance
with our observation that the QNMs lose their imagi-
nary parts and thus become normal modes, as rh → 0.
Further evidence for this transition can be extracted from
the related spectral functions χ(ω), which we analyze in
Fig. 3. For finite values of rh, χ(ω) is seen to be a smooth,
continuous function of the frequency ω, which however
starts to exhibit discrete bumps of increasing height, as
one decreases rh. In the limit rh → 0, the function finally
turns into a delta-comb distribution, supported exactly
at the frequencies ωn0 of Eq. (11). This transition is il-
lustrated by the four panels of Fig. 3, corresponding to
four decreasing values of rh.
The narrowing of the distinct ‘bumps’, or resonances,
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FIG. 3: The spectral function χ(ω) for four different values of rh, of which the first one corresponds to a marginally stable
BH, rh = rmin. The result is seen to continuously deform from a smooth and monotonous function towards a delta-comb
distribution as rh → 0. The mass of the scalar field has again been set to unity here, and the normalization factor N2c T 2/4 is
omitted from the result.
of the spectral function in the limit of small rh and the si-
multaneous vanishing of the damping rates of the QNMs
both point towards the system becoming describable in
terms of long-lived quasiparticle degrees of freedom. It
turns out that for small values of rh, the full spectral
function can to a very good accuracy be expressed as a
sum over Lorentzian functions (damped harmonic oscil-
lators) centered around the QNM poles,
χ(ω) ∼
∞∑
n=0
An
(ω − Reωn)2 + (Imωn)2 . (15)
In the formal limit rh → 0, this function clearly ap-
proaches a sum of delta functions similar to Eq. (10),
with only the coefficients An to be determined.
To solve for the residues An of Eq. (15), we first note
that they correspond to the areas below the bumps in
the spectral function. To find their values, we perform
the following analysis. We first construct an interpo-
lating function from a set of local minima between the
individual peaks, which we then subtract from the spec-
tral function. The resulting function consists of a set of
well-defined separate bumps, whose areas we numerically
evaluate to obtain the constants An, displayed for a few
different values of rh in Fig. 4. From here, we clearly see
that in the limit of small rh, the An’s indeed approach the
analytical limit given by Eq. (14) for d = 4 and m = 0.
The same behavior is observed for other values of d and
m, too, and it indeed appears that the spectral function
approaches the thermal AdS limit of Eq. (10), when the
size of the BH is taken to vanish.
IV. DISCUSSION
To provide a proper interpretation of the above results
on the field theory side, we will now specialize to d = 4
and briefly recall what is known about the phase struc-
ture and thermodynamics of N = 4 SYM theory on S3
to leading order in large Nc and λ. We will do this sep-
arately for the canonical and microcanonical ensembles
below, summarizing the results and discussion of [1, 6].
In the canonical ensemble, the phase structure of the
theory is most conveniently parameterized in terms of
the temperature, given in units of the curvature radius
of the AdS space. The temperature is a non-monotonous
function of the BH radius,
T (rh) =
2r2h + 1
2pirh
, (16)
which reaches a minimum at rmin = 1/
√
2, correspond-
ing to Tmin =
√
2/pi. Below this temperature, and in
fact even between Tmin and Tc = 3/2pi (corresponding to
rc = 1), the physical phase of the theory is given by the
thermal AdS solution, i.e. a gas of gravitons and other
excitations in AdS space, which corresponds to the con-
fined phase of the field theory. At T = Tc, the system
exhibits a first order phase transition to the deconfined
phase, described by the larger of the two black holes cor-
responding to the same temperature via Eq. (16). The
smaller BH, studied in the previous sections, is never the
preferred solution, but merely an unphysical, unstable
saddle point of the functional integral. At the transition
temperature, several physical quantities display discon-
tinuous behavior, and e.g. the energy density jumps from
an O(N0c ) value in the thermal AdS phase to a O(N2c )
result in the BH phase.
In the microcanonical ensemble, the natural variable
to parameterize the phase structure of the theory is the
energy density . Working to the leading order in large
Nc and λ, it can be shown that the thermodynamics of
the system is always dominated by a black hole phase
[6], with the relation between the energy density and the
radius of the BH given by
(rh) =
3(r2h + r
4
h)
16piGN
=
3(r2h + r
4
h)N
2
c
8pi2
. (17)
We can assign a statistical temperature to the system
by differentiating the energy density with respect to the
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FIG. 4: The areas of the first four spikes of our spectral function, determined for several different values of rh and for m = 0
(left) and m = 1 (right), with the dashed lines corresponding to the coefficients of the delta functions in Eq. (10). For better
visibility, the results have been normalized by (n+ 2)2 times the area of the first spike.
entropy density; the result, expressed in terms of the BH
radius, then agrees with Eq. (16). As we can observe
from these results, the shift from large to small BHs is
not marked by a discontinuity in the energy density, but
only by the specific heat of the system turning negative.
The above considerations are helpful in providing a
field theory interpretation for the results we have ob-
tained for small BHs in the previous sections. We see
that the smooth interpolation of the QNMs and spectral
function between the limits of large BHs and thermal AdS
space represents the physical behavior of the system for a
range of energy densities in the microcanonical ensemble,
0 <  < 3N
2
c /(4pi
2), where 0 ∼ N2c /λ7/4 vanishes in the
limit we are considering [6]. The situation is illustrated
in Fig. 5, where we display the behavior of the energy
density and the imaginary part of the first QNM ω0 in
the canonical ensemble, as well as that of −Im(ω0) in the
microcanonical ensemble. It is worth stressing that the
energy densities corresponding to small BHs in the mi-
crocanonical ensemble are not accessible in the canonical
ensemble at all.
V. CONCLUSIONS
In the paper at hand, we have determined the quasinor-
mal mode spectrum and the associated spectral function
for a CFT operator dual to a massive bulk scalar field
living in a global AdSd+1-Schwarzschild background. We
have concentrated on small black holes, seemingly irrele-
vant for the canonical ensemble of the dual field theory,
and shown that in the limit of a pinching BH, rh → 0,
the results approach those obtained earlier for thermal
AdSd+1. The observation has been given an interpreta-
tion in terms of the thermodynamics of the field theory
in the microcanonical ensemble, which provides access to
a range of energy densities not allowed in the canonical
ensemble.
For the QNMs the agreement of the small BH and ther-
mal AdS results was conjectured already in [29], but the
perfect matching of the spectral functions — i.e. retarded
correlators — was not equally anticipated. This is in
fact a very strong result, and prompts us to speculate
that one might be able to smoothly match the complete
sets of eigenfunctions in the small BH and thermal AdS
cases, and thus continuously transition a non-Hermitian
eigenvalue problem to a Hermitian one. The answer to
whether this is the case appears to lie at the heart of
understanding the black hole formation process in global
AdS spacetime.
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